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1. INTR~DLJ~~I~N 
In this paper we consider the one-dimensional delay-differential equation 
-I;-(f) = -a(t).f(x(t - r(t))) (1.1) 
where LI: [0, co)-+ [0, co),f:R+R, and r: [0, co)+ [O,q] for some 420, 
xf’(x) > 0 for x # 0, and a(t), f(x), and r(t) are continuous. 
Many authors have studied the asymptotic behavior of solutions of (1.1) 
(cf. [l] and references therein). One of the earliest results is the following 
theorem given by Cooke [a]. 
THEOREM A. Suppose that f(x) = x, a(t) = CI > 0, and 
I 
J. 
r(t) + 0 as t + co and r(t) dt < ccj. (1.2) 
0 
Then every solution x(t) of (1.1) satisfies 
lim x(t) e,’ = ( 
I-x (1.3) 
for some constant c. Moreover, for each constant c, there is a solution of 
(1.1) which satisfies (1.3). 
It follows from Theorem A that the zero solution of (1.1) is uniformly 
asymptotically stable. 
Recently, the author [S] proved the following 
THEOREM B. Suppose that there exists p > 0 such that 
If(x)1 5 1x1 for all x E S(p) = {XE R: 1x1 < /?}. 
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(i) If‘ suprzo{:+Ya(s)ds5$, then the zero solution of ( 1.1) is 
uniformly stable. 
(ii) rf‘ limsup,,,S:+qa(s)ds<% and liminf,,,~;+~a(s)ds>O, 
then the zero solution of (1 .l ) is uniformly asymptotically stable. 
Because of (1.4) Theorem B does not include the case 
,f (x) = xi and O<y<l, (1.5) 
where y is a quotient of positive odd integers. Theorem B is not true for 
f’(x) satisfying (1.5). In fact, it is known that the zero solution of (1.1) is 
unstable if u(t) 5 tl, r(r) = q > 0, and f(x) = x1’3 [6]. 
Burton and Haddock [ 1, 31 have shown the following theorem, 
including the case (1.5). 
THEOREM C. Suppose the zero solution of (1.1) is unique and 
either r(t) sup a(s) -+ 0 or a(t) -+ 0 as t + co. 
5 t [O, f] 
(1.6) 
Then the zero solution of (1.1) is unijtirmly stable. [f, in addition, 
j,$ u(t) dt = a then the zero solution qf (1.1) is asymptotically stable. 
In view of Theorems A and C, we see that if r(t) or a(t) is small as 
t -+ co, then the zero solution of (1.1) is stable. These conditions are unified 
by 
i 
I 
a(s) ds -+ 0 as t-+cO. (1.7) 
I r(r) 
In fact, if u(t) = ~1, then (1.2) implies (1.7), and (1.6) implies (1.7). We will 
show the stability of the zero solution of (1.1) under the condition (1.7) 
including the case (1.5). 
2. DEFINITIONS AND RESULTS 
For to 2 0 and a continuous function 0: [to - q, to] -+ R, we denote by 
x(t; to, 4) a solution of (1.1) such that x(s; to, 4)=4(s) for all 
SE [to-q> tol. 
DEFINITION. We say the zero solution of ( 1.1) is stub/e if for any E > 0 
and t,zO, there exists 6 = 8(~, to) >O such that lioll = sup{ I&s)l: 
s E [to-q, to] > < 6 implies (x(t; to, &)I < E for all t 2 to. If 6 can be chosen 
independently of to, then the zero solution is uniformly stable. We say the 
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zero solution of (1.1) is asymptotically stable if it is stable and there exists 
6, = &(t,) > 0 such that lj&l < 6 implies x(t; t(,,q5) -+ 0 as t + a. 
THEOREM 2.1. Suppose that the zero solution of (1.1) is unique and 
s I a(s) ds + 0 as t-+cO. (2.1) I- r(t) 
Then the zero solution of ( 1.1) is uniformly stable. 
Proof Let v(x) =x2 for x E R, and let x(t) be a solution of (1.1) on [t,, f2]. Then we first claim that 
v(x(t))>Ofor te[t,, t,] and d(x(t2))>0imply t,zt,-r(t,). (2.2) 
In fact, suppose t, < t, - r( t2), then 
fi(x(t2)) = -24t2) x(t2)f(x(t2 - r(f2))) 5 0, 
which is a contradiction. 
Let E>O be given, and let M(s)=sup{ I,f(x)i: Ix/ SC}. Then by (2.1) 
there exists S(E) > 0 such that 
i 
r 
a(s) d.7 < E/~M(E) for all t 2 S(E). 
,-r(r) 
We next show that for any to1 t(s) and 4: [t,-q, t,] -+ S(E/~) = 
{xER: 1x1 a/2}, 
for all t 2 to, 
i.e., the zero solution of (1.1) is eventually uniformly stable. Suppose not. 
Then there exists a solution x(t) =x(t; to, 4) with to2 Z(E) and 11411 <e/2 
such that (x(t,)l 2 E for some t3 > t,. Let 
t, = inf{ t: Ix(t)/ > e} and t,=SUp{t<t,:IX(t)I=E/2). 
Then u(x(t,)) = c2/4, u(x(t*)) = E’, ~~/4 < u(x(t)) < &2 for all t E (tl, t2) and 
for any q ~-0, there exists ZE [t2, t, + q] such that ti(x(s)) >O. Hence by 
(2.2) 
I, 2 t2 - r(tz). 
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Therefore, 
&/2 = Ix(t2)l - Ix(t,)l 5 [” a(s)lf(x(s- r(s)))1 ds 
II 
a(s) ds < 42. 
r(b) 
This is a contradiction. 
From the uniqueness of the zero solution, it follows that there exists 
b(s) >O such that for any t, E [0, Z(E)] and 4: [to-q, t,] + S(~(E)), 
I46 to> 411 < 42 for all tE [to, Z(E)] 
(see [4, Theorem 2.21). Hence, this and the eventual uniform stability yield 
that the zero solution of (1.1) is uniformly stable. 
THEOREM 2.2. Suppose that the conditions in Theorem 2.1 are satisfied, 
and,further {g a(s) ds = co, then the zero solution of (1.1) is asymptotically 
stable. 
Proof. By Theorem 2.1, the zero solution of (1.1) is uniformly stable. 
Hence there exists 6, > 0 such that for any to 2 0 and 4: [t, - q, to] -+ 
S(6,), any solution x(t)=x(t; f,, 4) is defined for all t 2 to. We shall show 
lim, + x x(t) = 0. 
Suppose that lim inf, _ x (.u(t)l > 0. Then there exist c > 0 and T > to such 
that 
either x(t) > F or x(t) < -E 
In the former case, we have 
for all t > T- q. 
x(r)=x(T)-[‘a(s)f(x(s-r(s)))ds 
7’ 
5 x(T) - jdz,f (x) j: a(s) ds -+ - CO. 
This is a contradiction. Similarly, in the latter case we also have a con- 
tradiction. Thus, we have 
lim inf (x(t)1 = 0. (2.3) 
f -t x 
Suppose that lim supl ._ 31 Ix(t)1 > 0. Then by (2.3), there exist c > 0 and 
sequences {z,} and {t,,} tending to CC such that 
U(X(~,)) = e2/4, u(x(t,)) = E2, C(x(tn)) > 0 
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and 
&2/4 < u(x( t)) < &2 for all te (z,, t,). 
It follows from (2.2) that 
t,-Y(t,)sT,<t,. 
As in the proof of Theorem 2.1, we choose Z(E) and M(E), then there exists 
n such that t, > T(E), and hence 
42 = Ix(t,)l - Ix(~Jl5 j’” 4s)lf(x(s- r(s)))1 ds < E/2. 
Tn 
This is a contradiction. Thus we have lim , _ ~ x(t) = 0, which completes the 
proof. 
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